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Abstract

A Threshold Linear Mixed Model (TLMM) has been developed to identify specific thresholds based on wastewater SARS-CoV-2 viral 
concentrations, which reflect COVID-19 cases. The thresholds can guide decisions regarding public health responses and prevention 
measures. To assess the practical application of TLMM, a simple simulation was conducted using a sample size of 100 and 500 
replications. The simulation allowed for comparing parameter estimators by assessing bias and standard deviation and the root 
of the mean square error. The model and estimation procedures were applied to reported wastewater and clinic data to test its 
application for real-world scenarios. Our results demonstrated the efficacy of TLMM in selecting threshold values corresponding 
to specific levels of wastewater SARS CoV-2 vial concentrations. In particular, TLMM successfully determined threshold values 
of 0.2 and 0.3, corresponding wastewater SARS-CoV-2 viral concentrations of 2530.1 gene copies/μL and 7,432.6 gene copies/
μL, respectively. These values were indicative of a concerning level of COVID-19 cases. However, threshold values at or above 0.5 
were associated with a need for warranted public health responses. TLMM presents a valuable modeling approach for effectively 
determining critical thresholds for wastewater SARS-CoV-2 viral concentrations, guiding targeted public health actions to address 
the ongoing pandemic.
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Introduction
On February 11, 2020, the WHO officially identified SARS-

CoV-2, commonly referred to as coronavirus [1]. As of July 28, 2022,  

 
the global tally at over 571,198,904 confirmed cases of COVID-19 
and over 6,387,863 deaths [2,3]. As the pandemic has evolved, the 
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efforts to manage the COVID-19 pandemic in the communities have 
shifted from focusing solely on eliminating SARS-CoV-2 transmis-
sion. Instead, there is now an emphasis on identifying and utilizing 
more relevant metrics and tools to prevent and manage the virus 
(US CDC, 2022). 

Wastewater-based surveillance has emerged as a valuable tool 
for monitoring the presence of COVID-19 cases within communities 
across many countries (Agrawal, et al., 2021) [4,5]. This approach 
is crucial in determining testing resource allocation and preventive 
measures. The rationale for the surveillance lies in its ability to de-
tect SARS-CoV-2 RNA in symptomatic and asymptomatic individ-
uals [6-8]. Also, wastewater-based analysis is more efficient as it 
reduces the number of tests required to assess a large population. 
Furthermore, well-established molecular techniques are available 
for SARS-CoV-2 detection in wastewater, but the research for suc-
cessful detection of SARS-COV2 in wastewater is ongoing [5,9,10]. 

The US Centers for Disease Control and Prevention (CDC) 
launched the National Wastewater Surveillance System in Septem-
ber 2020. This system holds the potential for early detection of 
COVID-19 outbreaks, often days or weeks ahead of clinical testing 
methods [11,12]. However, to fully harness its potential, the na-
tional coordination and standardized testing, analysis, and practice 
shall be tailored to the specific needs of individual communities 
[11], enabling local public health officials to craft community- or 
city-specific management strategies.

Recent modelling effort has leveraged wastewater surveillance 
data to forecast COVID-19 cases and trends using various tech-
niques, e.g., the Autoregressive Integrated Moving Average (ARIMA) 
[13], Neural Network Graphs [14], and Random Forest Method [5]. 
Our newly developed model, the Gaussian copula marginal regres-
sion model, has demonstrated a significant correlation between 
wastewater SARS-CoV-2 RNA concentrations and COVID-19 cases, 
allowing for predicting COVID-19 trends [15]. However, this model-
ling effort may not be directly applied to establish specific thresh-
olds of wastewater SARS-CoV-2 viral concentration for identifying 
communities or regions where sizeable COVID-19 cases warrant 
public health response and actions.

In our current study, we have introduced Threshold Linear 
Mixed Models (TLMMs), an extension of simple linear models, to 
assess thresholds of wastewater SARS-CoV RNA concentrations, 
which reflect certain levels of COVID-19 cases calling for public 
health response. The TLMMs are particularly well-suited for fixed 
and random effects, and non-independence data as generalized 
linear models are less appropriate. The temporal dependence of 
COVID-19 case counts is a notable example. The TLMMS included a 
simple threshold marginal which can pinpoint the sensitivity level 
at which longitudinal outcomes, counts, or rates become detect-
ed. This innovative approach can potentially select risk tolerance 
thresholds while considering covariates consistently used to pre-
dict COVID-19 cases for the monitoring and management purpose.

Methodology
Wastewater Viral Load Data

The wastewater samples were collected from five pumping sta-
tions in Chesapeake VA, from June 2021 to June 2022 [16]. The se-
lection of pumping stations was based on the need for consistency 
with clinical data and a sufficient sample size for merging clinical 
cases and wastewater SARS-CoV-2 RNA concentration data. A 1 L 
grab sample was collected weekly between 8:00 a.m. and 11:00 
a.m. at each pumping station. All the samples were then returned to 
the Hampton Road Sanitation District laboratories, and wastewater 
SARS CoV-2 RNA concentrations recorded as gene copies/100mL 
were quantified using the Reverse transcription droplet digital PCR 
(RT-ddPCR) method [10]. If a SARS-CoV-2 RNA concentration was 
below the Limit of Detection (LOD) the viral load was calculated 
based on half of the LOD.

Clinic Data

Clinical data related to the COVID-19 pandemic included day-
to-day reported cases of COVID-19. The cases were registered in the 
statewide database maintained by the Virginia Chesapeake Health 
Department, which collects information on clinical cases related to 
COVID-19 infection. The cases occurred in the period of June 2021 
to June 2022, consistent with the timeframe of the wastewater sam-
pling and data collection. 

Statistical Model and Notation

The model proposed is an extension from the Ge, et al., [16] pa-
per. A column vector is denoted as ( )1 2, ,..., '

ii i i inY y y y=  for the longi-
tudinal measurements of the 𝑖𝑡ℎ pump station with in  ob-
servations.

The thj  element in ijy  is the thj  observation of pump sta-
tion i measured at time ijt ., where in  is the number of ob-
servations from the thi  pump station, i=1,2,…,N and N is the 
number of pump stations. 

For each pump station, ( )1 2, ,..., '
ii i i inX x x x=  is a ( in × p ) de-

signed matrix of covariates for fixed effect β.

( )1 2, ,..., '
ii i i inZ z z z=  is a ( in × q ) designed matrix of covariates for 

random effect iα .

Substituting in ib , an indicator of the treatment received by 
pump station i with either ib  = 1 if the pump station is detecting a 
new threshold or ib = 0 if not.

Denote Wi as a continuous covariate, wastewaterSARS-CoV-2 
RNA concentration, at the baseline for pump station i and assume 
two subgroups of pump stations can be defined based on whether 
the wastewater reading N2Concentartion or their transformed val-
ues iw = 2 min( 2 )

max( 2 ) min( 2 )
N conc N conc

N conc N conc
−

−  exceeds exceeds an unknown threshold 
denoted as c . This threshold, often referred to as the cut point or 
cut-off point, is a value that we aim to estimate. The threshold c gov-
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erns the two-part decision steps, which mirrors the hurdle mod-
el cross-sectional: “below-the-threshold” group for no immediate 
public health response action vs. “above-the-threshold” group for 
warranted public health response action. Within the “above-the-
threshold” group, we further differentiate two subgroups: the lower 
and higher risk levels associated with the wastewater SARS-CoV-2 
RNA concentrations. This differentiation helps better understand 
the degree of risk in this category. The rationale for employing these 
thresholds lies in the established link between wastewater SARS 
CoV-2 RNA concentrations and the occurrence of COVID-19 cases 
[17]. That means wastewater SARS CoV-2 RNA concentrations can 
reflect COVID-19 cases within the community. By measuring waste-
water SARS CoV-2 RNA concentration with these thresholds, public 
health officials can gain valuable guidance on when and where to 
implement targeted public health responses to control the spread 
of the disease effectively.

The following threshold linear mixed model to assess the po-
tential differential cutoff levels and effects between these two sub-
groups proposed is as follows:

( ) ( )1 21 1i i i i i i i iy X Z I W c b I w cβ α η η ε= + + > + > +   (1)

where ( )1, 2,..., ii i i inε ε ε ε= ’is a vector of random errors and 1 is a in  
– dimensional vector with its all elements as 1.

From Equation (1), the response ijy of pump station i measured 
at the time ijt  is modelled by three components: 

1. the fixed effects of all covariates               

( ) ( )1 2' 1ij i i ix I w c b I w cβ η η+ > + > , 

2. the pump station random effect 'ij iz α  and 

3. the random error ijε  independent and identically distributed 
(iid) ( )20,N σ .

The columns of iX  may include intercept, time or its function, 
vaccination information, societal behaviours, treatment, and other 
confounding variables, and we assume that the columns of iZ  are a 
subset of the columns of iX

In order to simplify the presentation, the model equation (1) is 
re-written in the matrix form defined as

Y X W Zβ η α ε= + + +  (2)

' ' '
1 2, ,...., 'NY Y Y Y =   ,

' ' '
1 2, ,...., 'NX X X X =  

,

( )' ' '
1 2, ,..., 'Nα α α α=

,

( )' ' '
1 2, ,..., 'Nε ε ε ε=

,
( )' ' '

1 2, ,..., 'NW W W W=

and

Z =

1

2

0 0 . . . 0
0 0 . . . 0

.

.

.
0 0 0 . . . N

Z
Z

Z

 
 
 
 
 
 
 
  
 

;

( ) ( )
( )( )

.

.

.
( ) ( )

i i i

i i i

i i i

I w c b I w c
I w c b I w c

I w c b I w c

 > × > 
 > × > 
 

=  
 
 
  > × > 

iW

𝑖 = 1, . . ,    𝑁.

For the vector of random effects α and vector of random errors 
ε in the model, we assume that ( ) 0E α = and ( ) 0E ε = . 

It is also assumed that α and ε are independent and distributed 
as multivariate normal.

Inferences Via Kernel Smoothing

From the assumptions and notations, Y follows a multivariate 
normal distribution. Then, using 1

N
i in n== ∑  as the total number of 

observations, and the log-likelihood for the unknown parameters  
( )2 2,ç, , ,cθ ρ σ= â  in equation 2 based on longitudinal outcomes Y 

can be written as: 

where H is the variance of Y.

As mentioned in Ge, et al., (2020)[16] and Brown and Wang, 
et al., (2007) [17], the presence of an indicator function ( )iI W c>

, in the log-likelihood function is not continuous with respect to 
the threshold or cut-off point c; instead of the conventional max-
imum likelihood theory and algorithm, the approach is to take a 
kernel smooth function as approximation to the indicator variable 

( )iI W c> , defined as:

iw c
h
− Φ 

  , where (4)

is the distribution function of the standard normal distribution 
and  is a bandwidth.

Using the approximation above, we can define a smoothed 
log-likelihood function by replacing  in the definition of  in equation 
3 with the following:

.

.

.

i i
i

i i
i

i i
i

w c w cb
h h

w c w cb
h h

w c w cb
h h

 − −    Φ ×Φ    
    

 − −   Φ ×Φ    
    

 =
 
 
 
 

− −    Φ ×Φ        

iW

Therefore, the smoothed log-likelihood function of θ is given by
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( )= , ,....,' ' ' .1 2 NW W W W


  

The Maximum Smoothed Likelihood Estimates (MSLE) of θ can 
be obtained by maximizing the smoothed log-likelihood function 
from equation (5) or, equivalently, solving the following equations:

Or

The standard errors can be calculated based on the inverse 
matrix of the Hessian matrix  ( )2 2, , , ,J cη ρ σâ  after the estimates of 
θ are obtained. For the selection of the bandwidth, based on the 
theoretical and empirical evidence presented by Lin, et al., (2011) 
[18] and He, et al., (2018) [19] we propose to select 1 3ˆh dn−=  for the 
proposed estimator, where d̂  is the sample standard deviation of 
covariate iw .

Simulation Example
To assess the applicability of the TLMM, a simple simulation 

based on a samples of size n=100 was conducted. The performance 
of the parameters in the TLMM proposed are being assessed.

The model is written as:                        

 ( ) ( )0 1 2 1 2ij ij i i i i i ijy t b I w c b I w cβ β β η η α ε= + + + > + > + + , 

where 0β  is the intercept, iα  is a random variable for the pump 
station effect, 1β  is the effects of measurement time 2β , is the treat-
ment indicator 1η  is the subgroup indicator, 2η  is the interaction 
between the treatment and subgroup indicators, and ijε  is the ran-
dom error, as described in equation (1).

In the simulation study done for this paper, we assume that 
pump stations are randomly assigned to either treatment group 

ib =1 or control group ib =0 , each with probability 1/2 and each 
pump station is measured at the same four equal spaced timepoints 
1, 2, 3, and 4. For each pump station i, the baseline covariate iw  
and random effect iα  are generated, respectively, from a uniform 
distribution [0,1]; and a normal distribution with mean zero and 
covariance 2σ , while the random error ijε is generated from a nor-
mal distribution with mean zero and covariance 2 22.25 1.5σ = = . The 
coefficients of fixed effects in the model are taken as, 0β =1, 1β =5 , 

2β =2, 1η =4.9, 2η =3 while the true cut-point of iw  for the definition 
of subgroup is c = 0.3. In each scenario, 500 replications are used to 
obtain the bias, Standard Deviation (SD), and the Root of the Mean 
Square Error (RMSE) of the parameter estimators under bootstrap. 
Table 1 describes the parameters derived from the simulated LMM 
example.

Table 1: shows the parameters, the initial values chosen for the simulation studies and the generated values, the Bias and RMSE.

Parameters True Values Initial Values New Values Bias RMSE

β0 1 0 0.2380772 -0.761922 0.068565

β1 5 4 4.691046 -0.308954 0.461408

β2 2 6 1.975093 -0.024907 0.131972

ɳ1 4.9 4 5.120305 0.220305 0.343441

ɳ2 3 3 3.260354 0.2603535 0.562743

∁ 0.3 0.7 0.557878 0.2578781 0.003123

sigma (σ) 1.5 1.2 1.490339 -0.00966 0.052181

alpha (α) 0.8 0.5 0.172179 -0.62782 0.018352

From Table 1, we can see that the bias and RMSE of the esti-
mates for all parameters, except the biases of estimates for 2σ  and 

2q , decrease as the total number of observations increases when h 
is fixed at the optimal value and RMSE becomes very small for most 
of parameters This value of h is very close to that calculated from 
the optimal bandwidth formula.

We also compared the empirical standard deviations of the pa-
rameter estimates with the averages of the estimated standard er-
rors based on the inverse of the Hessian matrix (Table 1).

From the Table 1, the generated values for 0β , 1β , 2β , 1η , 2η  
and c do converge even if they share different characteristics and 
spreads. To gain more insight, we plot the histograms. The histo-

grams show the convergent value(s) of the parameter. The target 
solution is consequently obtained and close to the optimal values. 
The change in the c value, from the initial 0.7 to 0.56, indicates that 
there is a reliable estimate for the threshold. Out of the 100 obser-
vations, when 43 data points are found under the threshold data 
limit of c=0.3, the new estimation method finds 85 of them under 
the threshold 0.56 (Figure 1).

The plot of the simulated transformed Y values contrasted with 
the threshold c is described in Figure 1. The gap in the threshold 
(true vs estimated) values are quite large, but the simulation could 
gain a lot by considering starting parameter for c closer to 0.3.
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Figure 1: Plot of the simulated data example contrasted with threshold c.

Application to Wastewater and Clinic Data
We applied the proposed model and estimation procedures 

to the wastewater and clinic data. The model assesses the perfor-
mance of the proposed cutoff and threshold estimators. The re-
sponse variable y follows a Poisson and is described as: ( ),i iy P µ θ ,     
for i=1,..,43, using data from the 43 time points. The various thresh-
old values considered are: c=0.1,0.3,0.5,0.7 and 0.9, corresponding 
to the values of wastewater viral load concentrations of 2530.1, 
7432.6, 12335.0, 17237.4, 22139.9 gene copies/μL, respectively. 
In the clinic data, y represents the number of COVID-19 cases, 1x  
represents the hospitalization cases, 2x  represents the death cas-
es, 3x  represents the wastewater SARS-CoV concentration, and 4x  
represents the interaction between hospitalization cases and the 
wastewater SARS-CoV concentration. The methodology from Sec-
tion 2 is applied on each threshold value, and the ranges of obser-
vations captured across the COVID-19 case plots were compared.

We display the cutoff structures in Figure 2. The accuracy and 

measure of uncertainty of the parameters are plotted via their ker-
nel density estimators in Figure 3. By providing multiple ranges, 
different tailored decisions may be called for, e.g., no public health 
response action or warranted public health response action. Val-
ues of wastewater readings were deemed to be acceptable, or they 
could be found to be above tolerance level, requiring further explo-
ration.

The coefficients of fixed effects in the model were estimated, 
with the different cut points of c. Replications were done for 10,000 
bootstrap processes to obtain the bias, SD, RMSE, of the parameter 
estimators.

The fitted lines resulting from the TLMM at different cutoff 
values are shown in Figure 2. For any cutoff value between 0.2 
(2530.1) and 0.3 (7432.6), the scale of the COVID-19 cases is not 
alarming. Wastewater SARS-CoV-2 RNA concentrations at the 
thresholds greater than 0.5 (12335.0) indicate increased COVID-19 
cases warranted public health response. 

Figure 2: Fitted lines resulting from the projected threshold values with respect to the 100th COVID-19 cases.
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Discussion and Conclusions
A threshold linear mixed model based on Poisson regression 

has been introduced and designed for the identification of subsets 
of public health responses based on longitudinal COVID-19 cases 
and wastewater SARS COV-2 RNA concentrations. This model can 
include time-dependent effects and both fixed and random effects 
from covariates in the analysis. To estimate the unknown parame-
ters within this model, statistical procedures are constructed based 
on a smooth approximation of an indicator function. Efficient com-
putational algorithms are developed to compute the estimators and 
associated variances. The effectiveness of this proposed approach 
has been assessed through simulation studies, where its perfor-
mance was evaluated using SD and RMSE. The results from these 
simulations indicate that the proposed procedures perform ade-
quately. Furthermore, when applied to the analysis of clinical and 
environmental data, our modeling procedures have demonstrated 
practicality and stability. This suggests that the modeling can be ef-
fectively employed in real-world scenarios. 

The main objective of conducting the threshold linear mixed 
model was to simultaneously determine the cut point of the waste-
water SARS CoV-2 vial concentrations that reflect the levels of the 
COVID-19 cases calling for public health responses. We therefore 
propose a smoothing likelihood function to approximate the origi-
nal likelihood function from the wastewater and clinic data and to 
make inferences on the model parameters based on the new likeli-
hood function given. The proposed model is quite robust to deter-
mine the thresholds based on wastewater SARS-CoV-2 viral concen-
trations. To truly reflect current scenarios of the levels of COVID-19 
cases, the model requires constant updates by ongoing monitoring 
of wastewater SARS CoV-2 viral concentrations. 

The use of wastewater SARS CoV-2 viral concentration to estab-
lish thresholds is an innovative approach. Beyond the inherent ben-
efits of wastewater surveillance, the analysis of SRAS-CoV-2 viral 
concentration in wastewater, coupled with the advanced modelling 
effort, could provide invaluable data for timely decisions and imple-
menting practical actions and prevention measures at the commu-
nity level. The study confirmed that there is a relationship between 
wastewater SARS-CoV-2 viral concentrations and COVID-19 cases. 
In essence, the use of wastewater SARS-CoV-2 viral concentration 
as a tool for threshold determination creates new avenues for ef-
fective public health responses, providing a balance readiness and 
early warming settings [20-24].

This research has several limitations, including the privacy of 
data, political decisions, and economic effects associated with coor-
dinated public health responses based on wastewater surveillance 
data in general. Additionally, while the proposed procedure has un-
dergone evaluation through simulation studies and an application 
to both wastewater and clinic data, the goodness of fit of threshold 
estimates may vary from one community to another. Consequent-
ly, the results cannot be extrapolated over a large geographic area, 
such as an entire or state. This makes the strategy of disease surveil-
lance locally focused. To address this limitation, it is recommended 

to consider implementing statewide wastewater surveillance. Such 
an approach would help address the inherent variability in thresh-
old estimates across different communities [25-28].
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Figure 3: Trace plots of the parameters associated with the different threshold c values


